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SUMMARY 
This problem is treated in plane geometry and represents a 
simplified model of the motion of an explosively driven liner. The liner-gas 
interaction gives rise to a shock wave in both the media and we are parti­
cularly interested in the shock propagation in the liner. 
In the initial phase we have a Riemann problem the solution of 
which determines the states of the liner and the gas. Also the first reflexion 
of the shock on the free wall of the liner can be determined directly. This 
direct solution is used to test the efficiency of a finite difference scheme 
to be used in more general situations. 
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1. Introduction 
We consider the following problem: 
Given a plane metallic liner at rest with constant density and pressure. 
At tim· t = 0 a detonation wave hits the liner, this detonation being 
generated in an explosive in contact with the liner. We make the simplifying 
hypothesis that the detonation gas is in a uniform state with constant 
velocity, pressure and density. The pressure of the liner is negligible 
compared to that of the gas. Under the impact of a strong detonation wave the 
metallic liner behaves like an hydrodynamic medium. 
We have then a Riemann problem and with the given initial data, a shock 
wave is generated in both the media. As is well known, the uniform states 
behind the shock in the liner and the gas are defined by the Rankine-Hugoniot 
conditions on the shock fronts and the supplementary condition that the 
velocity and pressure in the two media behind the shock fronts be the same. 
The thickness of the gaseous medium is supposed to be much greater than 
that of the liner, so that we must take into account the reflexion of the 
shock on the other wall of the liner. This reflexion is represented by a 
centered rarefaction wave and may be easily determined. 
We do not consider here the successive phase of reflexion of the 
rarefaction wave on the wall of the liner in contact with the detonation gas. 
Along these lines we can determine the solution of the problem. The 
same problem is then solved step by step with a finite difference method. 
The good agreement between the solutions determined in two different ways 
permits to apply with confidence the numeric*1 scheme to more penerai 
situations. 
In fact the problem here described has been set up as a simplified 
model for the following problem to be studied in a later report: to determine 
the motion of an explosively driven liner in cylindrical geometry. The 
hypothesis of the uniform state of the detonation products is not made. This 
problem must be solved numerically and to test the efficiency of the 
numerical scheme to be employed the simplified version has been considered«, 
Manuscript received on August 16, 1966 
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2. Th· »tat· equation of th· ga» and th· liar v ' 




β specific internal energy 
S entropy 
Τ temperature 
X eulerian coordinate 
h lagrangean coordinate 
t time 
The detonation products are treated as a polytropic gas with state 
equation: 
ρ = (y-l)e ρ ï = 3 
The metallic liner is treated as a idrodynamic medium, 
e is equal to: 
(2.1) e(p,T) = ec(p) + *th(p,T) + ef(p,T) 
• potential energy to which is due the coesion of the metal 
e,, contribution due to the thermal energy of the atoms 
e„ contribution due to the motion of free electrons. 
It is: 
p(p,T) =-p 2T f *«(»!*) a¿ 
Jo dp i2 
Hence the pressure too has the additive formi 
(*) For this paragraph see (2) of bibliography. 
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(2.2) ρ(ρ,Τ) = pc(p) + Ρ^Ρ,Τ) + pf(p,T) 
w i t h : am 
2 dec Γ P' . / * . ρ = ρ -Τ— · 
o dp c . -
In particular the following formulae are used for e and ρ : 
TC JA 1 / ? 
(2.3) . - .„(ρ) ♦ ·Τ(Τ-Τβ ♦ ή) ♦ f ( ƒ ) Τ2 
ν ν ο c_ ' ■ ok 4 V ρ y (2.4) Ρ - Ρ » * PHP)·.(Τ-! + -t) + pftV f ftfeV " T2 
c , α, E , ρ , constants ν' r' ο' rok 
ρ , density at absolute temperatile Τ = 0 and pressure ρ = 0 
Ϊ·Γ ρ (ρ) and e (ρ) various analitical expressions have been proposed, O c 
suggested by theoretical considerations and experimental resulte. 
The following formulae have been used in the numerical computations: 
(,5) ,aM. i aj få 1+J/3 
15 2 9 which holds good for pressures up to 10 dyne/cm (~ 10 atm) and: 
Γ Ρ Ρ„(0 Λ 1 χ / « \J/3 
(,0 %{„ - ƒ -V- « ■ ¿ . î a, tø 
With (2.5) and (2.6) the following expression for tf(p) has been adopted: 
J2 /, 2 d Pc/dp 
(2·7) «trt - j ♦ I 1573? 
J.P. Somon has proposed the following simple form for ρ and e valid for 12 2 c o pressures up to 10 dyne/cm : 
2 
<2·*> ». - · ; p* ( 4 ) (? 2,. (JL\'(±-. ok 
2 
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ρ and c are normal density and »ounå speed. With (2.8) and (2.9) the o o 
following expression for y has been adopted: 
(2.10) r(p) - f + f d
2 (p c p- 2 / 3 ) /dp 2 
d(p rp"2 / 3)/dp 
2 1 ^ / ' o k > - 5 
" 3 7(P/P0k) - 4 
A good approximation is given by : 
(2.11) * 1 '(PoV) = 2 ok' 
The term with Τ in.the expressions of e and ρ may be neglected for pressures 
13 2 less than 10 dyne/cm . 
The numerical tests carried out show a good agreement between the results 
ρ obtained with and without the term Τ . Neglecting this term we obtain: 
(2.12) e(p,p) « ec(p) + ^ j (p - Pc(p)) 
(2.13) P(p*e) = pc(p) + pX(p) (e - ec(p)) 
3. The Riemann problem for the liner and the detonation products 
We consider the following problem: 
At the initial time t = 0 the liner and the gas, both of them at 
constant state, are in contact. The liner is at rest, the gas has uniform 
velocity directed toward the liner. Moreover the thickness of the liner is 





Until the perturbation generated in the liner does not reach the free 
surface of the liner we have a Riemann problem. The solution is defined 
by four constant states S-, Sn S S : S, S are the initial states 
of the liner and the gas. S, S are the states determined by the interaction 
between the two media. 
In our case S, and S are related to S, and S by means of shock 
Λ. g l g " 
waves respectively backward and forward. 
1 1 S, and S are determined by the Rankine-Hugoniot conditions plus the 
■** ts conditions : 
1 1 
"l s Ug 
(3.1) 
1 1 
P-i ■ Ρ *1 *g 
1 1 1 1 To determine u ρ ρ ρ we proceed in the following way: 
We consider the Hugoniot equation for each of the two media: 
(3.2) H(p,p) = 0 
1 1 1 
with : H(p,p) = e(p,p) - e(pQ,po) + -τ (p+PQ) (— - -) 
o This equation defines all the states which can be connected to the state S 
by a shock. When an analitical expression is not available or too complicate 
to obtain (as in the case of the liner) the curve H = 0 may be computed 
pointwise by some numerical procedure. 
The u corresponding to p,p which satisfy equr.tion (?.2), m y be 
computed by means of formula 




The velocities on the two sides of a »hook front satisfy the relation 
"left * "right 
independently on which side th· »hock faces. 
Hence in (3.4) there is" the sign - for the liner and the sign + for the 
gas. 
We consider now the Hugoniot curves for the liner and the gas: 
H^ = 0 H = 0 
in the p,p plane. We must find a point P. = (p, ,p) on H and a point 
Ρ » (p_»p) on Η such that the corresponding u_ and u , computed by means 
e e g ■*· g 
of {3·3) are equal: 
(3.5) ux = ug 
To solve numerically this problem we put the equations 
Η. χ 0 and Η = 0 in the form 
Ρ » P X(P) and Ρ = Pg(p) 
the functions p1 and ρ are tabulated or given by means of a formula. 
We explore the p-axis with a sufficiently small step Ap(starting from 
p° since ρ > p°), interpolating if necessary and compute 
o o o 
Ρ Ν ρ ·+ u Η8 ë 
We choose that value of ρ corresponding to which relation (3»5) is 
satisfied. 
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4. Reflexion of the shock wave on the, wall of the liner 
The Riemann solution is modified when the shock front retches the 
other face of the liner. The reflexion of the shock on the other face of 
the gas is not considered since by hypothesis the thickness of the gas is 
much greater than that of the liner, and may be considered semi-infinit·. 
We determine the state of the liner in this new phase with the aid 
of some simple considerations. 
a) The solution is unique. 
b) A state bounded by a straight characteristic along which u and c are 
constant is a constant state or a simple wave. 
c) The liner being treated as an ordinary hydrodynamic medium, we cannot 
have a rarefaction shock wave. 
A discontinuity of this kind is immediately resolved as a rarefaction 
waves in the origin of the discontinuity. 
When the shock wave in the liner reaches the wall, the liner is in a 
constant compressed state S. while at this free wall there is a negligible o pressure P-j_ ~ 0. Let x1 be the abscissa of the wall «nd t the time at which 
the shock hits the wall. The discontinuity in this point is resolved by c) 
1 ? 
into a centered rarefaction wave connecting the st te S, with the st te S, 
adiacent to the wall. 
2 The state S, is bounded to the right by the tail characteristic of the 
rarefaction wave and by b) is a constant state. It follows that the 
trajectory of the wall is a straight line 
Fiq. 2. 
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The C+ characteristics of the centered wave pass trough (x,, O and 
have direction: 
(4.1) d t = u + c 
u and c have constant values along each characteristic. 
The head characteristic has direction: 
dx 
dt = U1 + C1 
The direction of the tail of the rarefr-ction wave is computed by mepns of 
the Riemann invariants. 
Γ Ρ We put: I(p) = / - dp 
J'o 
and R" = u ± I 
1 The quantity R is constant through the three regions S,, rarefaction wave, 
2 
S,. On the tail characteristic C* : 
(4.3) u* - I* » u., - I1 
and 
(4.4) I* = I0 = I(P0) = 0 
Hence the direction is : 
dx ± Λ - = u* + c* 
2 and the state S, is 
u2 = u* 
c2 = c* = co 
P2 = P* = "o 
P2 = P0 = 0 
For the cases which have been treated the shock is the liner was a weak one. 
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The variation of R when passing from S, to S. is negligible and we have, 
with good approximation: 
(4.5) u + I = I ~ u. + I (u = 0) 
o o o — 1 1 o ' 
R is invariant through the simple wave, hence: 
u2 - h = ui - X1 
Beside: I0 « I* = I 
2 o 
Hence : 
(4.6) u2 - Io = U1 - 1, 
From (4.5) and (4.6) it follows: 
(4.7) u2 ~ 2u1 
To conclude : 
We can determine directly: 
1 1 2 
Sl' g' V *1' Sl 
the centered rarefaction wave, and in particular the direction of the head 
and tail characteristics of the wave. In first approximation: 
u2 ~ 2U1 
+ In the computation of R~ the quantity: 
f> 
has sometime been substituted with the quantity: 
f P Cc I = -£ dp ο ρ ^ 
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4*c 
where : o = 0 4« 
i.ά. in the state equation of the liner only the term ρ has been considered. 
C 
In this way the integral I is easier to calculate. 
C 
Until ρ is less than 10 atm. the error due to the substitution of ρ with 
ρ is less than 5$ (see Somon pp. 38). 
Hence : 
τ - \ 
5. Numerical solution of the problem 
We introduce the lagrangean coordinate h : 
X(*,t) 
(5.1) h = p 1 ( p(í,t)df = χ - ^ 
oJx(o,t) 
where χ = X(h,0) 
x, is the free wall of the liner 
χ is the interface liner-gas 
Differentiating (5.1) with respect to h we obtain: 
1 = -ÌLI* po dh 
with (5.2) ρ = 
p . h < h = χ 
ρ h > h 
g 
/ 1 and (5.3) ρ = 
^ o 
pg 
p, h < h 
h > E 
- 13 -









JL ax Ρ dh o 
dt 
1 Ô£ 
- p o dh 
JB. Iß. 2 dt Ρ 
F(p,e) 
When h < h we have the liner, hence: 
Po * Pl P = pl P = Pl e = θ1 
When h > h we have the gas, hence 
o ρ = ρ ρ = ρ Ρ = Ρ e = e o pg κ Fg *g g 
In order to obtain the state equation of the liner, we consider the 
relations : 
(5.5) e = . . ( , ) ♦ cT(T-T0 + Ï8) + ff)V2 |T2 
(5.6) ρ = po(p) + pr(p)cv (T-To + ή) + pok ( ƒ ) g Τ2 
(see § 2). 
2 
If we neglect the terms in Τ we get: 
(5.7) Ρ = P0(p) + P*(p) (· - ·0(ρ)) 
In the general case we proceed as follows: 
From (5.5) we get: 
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ft 1 /o 
(5.8) ( " f ) f Τ2 ♦ ovT + ( e o - e + Eo - cyTo) = O 
£ 
Sinoe: e c , EQ, c y , β, ï, T-TQ, TQ - ^ 
are positive, it follows that β > β and the last term of (5«8) is negative, 
Thus we have only one positive root: 
- c + | c2 + 2^—] ß(e - e + c Τ - E ) - J ν V ρ I rv c v o o' yf r e 
We substitute this expression in (5.6) and we obtain ρ as function of e,p 
(5.9) Ρ = ρ(β,ρ) 
In the same way we could express e as function of p,p. 
The state equation of the gas is: 
(5.10) ρ = (y - 1) ep ï = 3 
The differential system (5.4) must be solved with given initial and boundary 
conditions. In our case the initial conditions at time t = 0 are: 
ρ = p° = 0 
u = u. = 0 
o Ρ = P-t 
o 
Ρ = Ρ 
F *g o u = u 
g o P-Pë 
h < E (liner) 
h > h (gas) 
The boundary conditions (t = 0) are: 
p = 0 when h = 0 P = P when h = h 
*g e 
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h lagrangean coordinate of a gas particle, great enough so that we don t g have to consider the shock reflexion in the gas. The second boundary 
condition may be substituted with: 
o o u m u or P * P g g 
In lagrangean coordinate the path of the interface liner-gas is the 
vertical line : 
Thus the distinction between the two media is automatic. In eulerian 
coordinates this trajectory is more difficult to compute since it cuts 
across the net on which we apply the numerical scheme. Another advantage 
of the lagrangean coordinates is the possibility to use different Ah-steps 
for different media if necessary. It is quite difficult to do so in eulerian 
coordinates. To solve numerically the differential system (5.4) use has been 
made of the following scheme (see Richtmyer): 
ri ή ή ή' ' ' ' 
'LklZg - Pfclg + q.i+i/2 - V i / 2 
V Ah Ah 
J i _ un+1 
At - U j 
n+1 Yn+1 
1 A · . "· A · _ -1+1 -τ 
(5.10) 
CU '· * 
n+1 n n n+1 η 
'.1+1/2 I »i+1/2 P.i+l/2 '.1+1/2 ' '.1+1/2 
2 At / η \ At 
(pj+l/2' 
Pj+l/2 = F ^j+1/2' ej+l/2j 
η / _ / 
2 η / η ηλ2 . „ η η a ρ. ./ο (u. , - u.) if u. „ - u. < 0 J+1/2 ν j+1 y j+1 
qj+l/2 
J 
• .ρ η η -if u. . - u. > 0 j+1 j 
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with the stability condition: 
A + ΔΧ At < — c 
The Richtmyer's pseudo-viscosity term q is introduced in order to deal with 
the shock discontinuities. For the problem treated a = 2, 
We employ a staggered net. In the points with integer index j we 
compute X., u. in the other points we compute p. ./„, p. ./„, e, . /„, 
q. . /„. In this scheme it is convenient that the interface liner-gas be 
coincident with a point j· 
With regard to the boundary condition: 
ρ = ρ Ί = 0 at h = 0 
we remark that we can exchange the role of the indices j and j ± 1/2 and 
compute X. , ,~ u. . /_ and p., p., e., q.. Hence we can attribute to h = 0 j+*/¿ J+1/t j j j j 
the index j = 0 or j = 1/2. 
At h = h (last gas particle) we can choose one of the conditions 
O 
0 0 0 
u = ug p- pe p = pg 
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6. Numerical results 
We give here the results for a typical case. The data are given 
in the CG-·S. system. 
TL. β 3 first wall of liner 
χ = 3.8 interface liner-gas 
χ = 9 second face of gaseous medium 
g 
Initial state S? of liner: 
u = 0 o 
P0 « 1 ° 6 
P 0 = 8.93 
c± » 3.97.105 
In i t i a l state S of gas : 
O 
u = - 2.105 o 
ρΛ = 2.72.101 1 o 
P 0 = 1 . 7 
c o = 7.105 
o The state equation is (2.13) i.d. the term Τ has been dropped. 
ρ , e , ï are given respectively by (2.5) (2.6) (2.7). In connexion C c 
with these formulae we have : 
cv = 3.926.106 
Τ = 300 °K o 
E o = 7.87.108 
P. = 9.024 
Κ 
- 18 -
β = 2 
β ι = 4.0283-1Ο12 
aa = - 3.0889Ί013 
a« = 7.1612Ί015 
a. = - 7.7928-1013 
aB = 4.0096·1015 
ae = - 6.9194Ί012 
a7 = 0 
The direct solution is first computed according to paragraphs 3 and 4. 
The results are summed up in Tables 1 and 2. 
As already said the comparison between the direct solution and the 
solution computed by means of a finite difference scheme is carried out 
only for t < t time at which the rarefaction front reaches the interface 
liner-gas. When using a finite difference scheme with a pseudo-viscosity 
term the shock discontinuities are not represented by sharp discontinuities 
but rather as zones of rapid variation of the hydrodynamic quantities. 
For this reason and due also to the effects of round off and approximation 
errors the shock position can be given only with a certain approximation . 
The same is true with regard to the head and tail characteristics of the 
rarefaction wave. 
The shock trajectory in liner and gas, the interface trajectory, the 
head and tail characteristics of the rarefaction wave obtained by means 
of the direct method (D.M.) and the finite difference scheme (F.D.) 
are given in Tables 3»...,7. Subsequently the results of the finite 
difference scheme at various times are presented. 
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TABLE 1 



























Shock fronts and rarefaction wave 
Shock speed in liner : IL. = -5.244. 
" " " gas : U = -6.112. 
g 
Trajectory of shock front in liner : 
n il il η II ~ a 9 . 
" M liner-gas interface : 
Origin of rarefaction wave : (χ,, t.. ) 
Head charact. of rarefaction wave 
Φ η ϋ M II II II 
,105 
JO9 
X = χ + U,t 
X = x + U t g Χ = χ + u.,t 
(«ι - «1 ■ ug) 
^ = 3 \ = 1.526.10*6 
1 1 X = χχ + (t-tx) (\χλ + c1) 
X = x1 + (t-tx) (u2 + c2) 
Intersection of head charact. of rarefaction wave and interface trajectory: 
X = 3.551 t = 2.759.10"6 
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TABLE 3 
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